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Baryon masses are calculated in chiral perturbation theory through the one{loop level in the chiral expansion and to leading
order in the heavy baryon expansion. Ultraviolet divergences occur requiring the introduction of counter{terms. Despite this
neccessity, no further experimental input is required to determine the violations to the Gell{Mann Okubo mass relation for
the baryon octet or to the decuplet equal mass{spacing rule, as all divergences exactly cancel at this order. All reference to
an arbitrary scale 

, previously found to enter these relations logarithmically, is absent. Neither of these results continue to
higher{powers in the chiral expansion. We also discuss critically the quantitative neccessity of simultaneously going beyond the
leading order heavy baryon expansion, if one goes beyond the one loop results in chiral perturbation theory. These corrections
in 1=M
B
are particularly relevant in the decuplet sector where additional interactions related to o{shell eects of the decuplet
would have to be included in the lagrangian.
I. INTRODUCTION
While Chiral perturbation theory (pt) has a long his-
tory [1], modern applications have been driven by the
formulation given by Weinberg in 1979. [2] Using power
counting techniques, Weinberg demonstrated that for the
most general, non{linear chiral Lagrangian in the purely
mesonic sector a loop expansion can be systematically
developed even though such Lagrangians are not renor-
malizable in the traditional sense. Innities generated by
loops involving terms of lower power, a quantity which
will be dened shortly, are removed by terms of higher
power in the Lagrangian. The systematics occur because
higher power means higher order in an expansion in terms
of derivatives of the pion's eld and the pion's mass. Pro-
vided one restricts kinematically the application of the
theory to scales of the order of the pion's mass, such an
expansion has at least the hope of converging. The ex-







. Of course the introduction of addi-
tional terms in the Lagrangian requires additional experi-
mental information in order to x the residual nite piece
of these higher power \counter{terms". The number of
independent experimental inputs increases rather rapidly
with the loop{expansion. For example, while the most
general lowest order chiral Lagrangian in the mesonic sec-
tor, L
2
, contains only two terms, there are ten indepen-
dent terms at next order, L
4
. Nevertheless, nontrivial
predictions follow once these new terms are determined.
This program was outlined by Weinberg in [2]; its suc-
cessful implementation in the mesonic sector through the
one loop level was performed by Gasser and Leutwyler
in their seminal papers of the mid 1980s [3].
The extension of these methods to the nucleon sec-
tor was rst attempted by Gasser, Sainio and Svarc [4].
The inclusion of baryons adds the nontrivial complica-
tion that the nucleon mass M is comparable to that of
the typical chiral scale   2f

. A loop expansion,
when calculated with the full nucleon propagator [4], in-
evitably contains terms proportional toM= and powers
thereof. Clearly one does not hope to form a convergent
series with such an expansion parameter. Nevertheless
the leading infrared, (m
2

! 0) nonanalytical behavior of
the graphs did appear in [4] to be systematically corre-
lated with the loop expansion. The authors of [4] thus
conjectured that this pattern would continue to all orders
in the loop expansion suggesting that such an expansion,
if organized properly, would be useful.
Weinberg [5] introduced the notion of chiral power.
A general 2N baryon legged graph is assigned the chiral
power  given by the expression












in which L is the number of loops, V
i
is the number of







number of nucleon elds. The systematic
expansion required that the nucleon be considered non-
relativistic. To the extent that all relevant momentum
are of the order of the pion's mass, this constraint is valid
and natural with the entire program of chiral perturba-
tion theory. Weinberg's scheme validated the conjecture
of Ref. [4]. Subsequent work of Weinberg [6] and others
[7] have focussed on the NN force.
By applying techniques developed for heavy quark
physics [8,9] to the baryon sector, Jenkins and Manohar
[10] formalized the nonrelativistic treatment of the nu-
cleon and made systematic counting of chiral power pos-
sible. All terms proportional to the nucleon's mass are
by construction absent, and the loop expansion in terms
of momentum and the pion's mass is realized.
The success of the chiral perturbation theory in the
nucleon sector relies on a double expansion: a chiral
expansion in 1=, and the heavy baryon expansion in
1=M
B
. Among graphs with the same number of N ver-
tices these two expansions are distinct in terms of the pa-
rameters of the QCD Lagrangian. The chiral expansion
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while the heavy baryon expansion can be associated with
the limit of large N
c
[11].
The physical value for the mass dierence   2m

and it should share with m

the chiral power 1. Then,
according to Eq. (1), the decuplet-octet mass dierence
term in the lagrangian has chiral power 0 and is a part
of the chiral Lagrangian. It should not be treated per-
turbatively [12], but included in all orders [13]. That is,





In this work we revisit the topic of chiral corrections
to baryonic masses. We consider both the baryon octet
and baryon decuplet masses. Unlike the treatment of
[12],  is included explicitly in the decuplet's propagator.
Although numerically of some import, this would only
amount to a slight departure from the results of [12].
However unlike [12], we show that only baryon (octet,
decuplet) mass splittings can be reliably calculated at
this point, and only upto the one loop level. The reason
for these conclusions is twofold.
First, because beyond the one loop level in the chiral
expansion one cannot ignore 1=M
B
corrections. The fact
that there exists two independent expansions for the ap-
plication of chiral perturbation theory in the baryon sec-
tor is sucent to indicate that one cannot discard one of
these expansions and simply focus on higher terms in the
other. In the case of the baryon propagators, we show
that the 1=M
B
corrections to the rst loop in the chi-
ral expansion are quantatively important if one is going
beyond the rst loop level. In addition, there are non-
trivial complications in the  couplings that appear at
the 1=M
B
level involving unknown coupling constants.
These features, although known for some time in the lit-
erature [14], have been absent from recent discussions
[12,15].
Second, even ignoring these 1=M
B
concerns one cannot
make meaningful predictions beyond the one loop level in
the chiral expansion because of the inevitable neccessity
of including in the calculation additional terms from the
eective Lagrangian to remove the innities generated
by the one loop calculations. We refer to these terms
as counterterms, keping in mind that they preexist in
the complete chiral lagrangian. The strengths of these
terms can be xed only with additional experimental in-
puts. Without such inputs there is no predictive ability
beyond the one loop level. In Refs. [10,12,13,15,16] such
counterterms are missing [17,18].
When one goes beyond the one loop level in the cal-
culation of baryon masses one encounters graphs of the
type of Fig. 3. Both graph Fig. (3a) and graph Fig. (3b)
give rise to innities and require counterterms. It has
been suggested [18] that the wavefunction renormaliza-
tion counterterms arising from graph Fig. (3a) may be
absorbed by redening the baryon eld. Although this
is correct for the noninteracting terms in the lagrangian,
such a redenition will neccessarily generate new interac-
tion terms. For example, otherwise charge conservation,
which requires cancellation between wavefunction renor-






In the present calculation, innities requiring countert-
erms appear immediately at the one loop level for all
baryon masses. Nevertheless, one nds that for certain
baryon mass splitting relations, and in particular, the vi-
olation to the Gell{Mann Okubo (GMO) mass relation
for the baryon octet [19] and to Gell{Mann's equal spac-
ing rule for the baryon decuplet [20], the contributions
of these unknown terms cancel exactly. The cancella-
tion of these terms is perhaps somewhat surprising, as it
does not continue to higher order in the chiral expansion,
where explicit terms involving wavefunction (and vertex)
renormalization must be included.
We nd that to rst order in the loop expansion, the
violations to GMO and to the decuplet equal spacing rule
are  18  20MeV and 12  20MeV , respectively. The
range exists in these quantities due to uncertainties of
the parameters of the lowest order Lagrangian governing
the pion-baryon couplings. The experimental values are
6:5MeV and 27MeV , respectively.
II. BARYON SELF{ENERGIES
A. The purely Octet sector
Upto chiral power 2 the eective chiral Lagrangian cou-











































































































The denitions of the mass matrix, M , and the octet
meson and baryon elds are, by now, standard, and are
given inRef. [9,12]. Note that the subscripts on the bary-
onic sector of L
eff
refer to the chiral power dened by
Eq. (1).
The one loop nucleon self{energy, (p;M
B
), is shown
diagramatically in Fig. (1). The mass shift, M
B
, at the
one{loop level can be obtained by sandwiching (p;M
B
)
with on{shell baryon wavefunctions u(P ) and u(P ). The






















































where  represents SU(3) algebra factors.
The heavy baryon result [12] for M
B
can be obtained
by taking the M
B
! 1 limit of the integrand in the




























+ i)(v  k + i)
:
(5)
v  P=M , is the nucleons 4{velocity. The same result is
obtained by rst reducing the eective Lagrangian L
eff




















































is a spin factor with various convenient properties
for algebraic manipulations that can be found in Refs.
[10,15]. Observe that from L
0
v
, the nucleon's propagator
is given directly to be i=(v  k + i).
As in previous works, [4,12] we use dimensional regu-
larization to evaluate all integrals. In the purely mesonic
sector it is well known that dimensional regularization, by
not introducing any additional mass parameters, avoids
complications [21] in the path{integral arising from the
chiral{invariance of the measure. We know of no such
similar result involving the baryon sector but nd that
the use of alternative regularization schemes such as Eu-
clidean cuto, that introduces additional mass parame-
ters, would complicate the power counting result of Wein-
berg, Eq. (1). In order to avoid these complications,
which are not one of principle but merely an issue of
economy, we thus use dimensional regularization.
In the appendix we present one method of evaluating
Eq. (5). One nds that the mass{splitting M
B
is given











































































are those rst noted by Gasser, Sainio and Svarc [4].
Although confusing the chiral expansion, they could be




to the nucleon's mass and sigma terms, re-
quiring thereby no new additional experimental informa-
tion. The corrections to (8) are indeed 1=M
B
suppressed.
On the other hand, these 1=M
B
terms are bonade cor-
rections to the chiral perturbation theory result for the
nucleon mass. While verifying that the heavy baryon
eld theory approach of Jenkins and Manohar does in-
deed yield the leading results in the chiral expansion, we
also see that these 1=M
B
are not quantitatively negligible
if one were to go beyond the rst order loop results. In-
deed, these correction are  15 20%.As we will presently
see however, more daunting obstacles prevent this exten-
sion at the present time.
The shift in wavefunction normalization, Z, of the nu-
cleon's propagator is obtained by introducing a small




















Clearly Z requires renormalization which is accomplished
through counterterms of chiral power 2 in L
eff
which
have been given by Lebed and Luty [18]. As mentioned
earlier, these authors have suggested that the unknown
interaction terms may be absorbed by a redenition of
the baryon eld. While this is correct for the TrBi 6DB,
all other existing terms in the lagrangian, bilinear in the
baryon eld, will generate new sets of terms with un-
known constants. We do not believe that there is any
alternative to xing these terms with appropriate exper-
imental inputs. Use of only the logarithmic piece in Z
r
is unjustied [10,12,13,16].
For the present case, where we are focussing only on
the baryon masses, eects of wavefunction renormaliza-
tion occur only at higher power in the chiral expansion.
By conning ourselves to only the one loop level we can
thus avoid the complications of renormalizing the wave-
function as well as the 1=M
B
corrections discussed earlier.
We will now discuss the inclusion of the decuplet,
which involves its own unique features.
B. The Decuplet
To include the decuplet in the chiral Lagrangian we
review some properties of spin 3=2 elds. We proceed
thus for a sense of completeness and because, of antici-
pated nontrivial 1=M
B
corrections, especially in the in-
teractions.
The decuplet is included as a spin 3=2, Rarita{























which eliminate the spin 1=2 components of the 

eld.
The most general free Lagrangian for 

that generates










































where A is an arbitrary (real) parameter subject to the
one constraint that A 6=  1=2. Taking A =  1 leads to














































To leading order in the heavy baryon expansion, where
[8,15] one takes P = M
8
















































  226MeV is the mass dierence between the baryon
octet and baryon decuplet masses.
The most general, chirally invariant interaction La-













































In the discussions of the decuplet to be found in Refs.




H terms in L
i
are
absent (as also all the terms in the free Lagrangian de-
pending upon A, needed to generating the constraints
Eq. (12)). There is some controversy [14,24] in the liter-
ature as to whether  in 

is a free parameter to be t
by experiment, or if it is in fact determined by eld theo-
retic considerations. For our present purposes we simply
note that in either case  6= 0, and hence this structure
must be included. Similarly for the term proportional to
~
H in the meson-decuplet-decuplet coupling must also be
included.
In the heavy{baryon limit, these additional couplings






found in [12] and [15] is indeed correct, at this or-
der. One can see this result by noting that all these
terms contain contractions that vanish for on{shell de-
cuplet elds by the constraints, Eq. (12). Hence, they
depend upon the virtuality of the decuplet, the scale of
which is set by the inverse power of the Delta's mass.
We have also checked explicitly that for the self{energy
loops here considered, the contribution from these terms
vanish to leading order in the heavy{baryon limit. While
thus ignorable in the present application, we emphasize
this would not be the case if one goes beyond the rst
order, loop results.
We will now discuss one illustrative loop calculation
involving the Delta: the contribution of the decuplet to
the nucleon's mass shown in Fig. (2). Using the decuplet






























+ i)(v  k +  + i)
(18)
The velocity projection operator in the Delta propagator
yields unity when multiplied by external nucleon wave-







































+ i)(v  k +  + i)
:
(20)























































It is clear from Eq. (21) that upon inclusion of the




are in principle needed, one to







term turns into an overall mass{shift
when all relevant intermediate states are summed over.
The m
2
term manifestly embodies avour dependence.
Nevertheless all counterterms (divergences) cancel ex-
actly in the mass combinations which appear in the Gell{
Mann Okubo relation for the the baryon octet, and Gell{
Mann's equal spacing rule for the decuplet.
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III. MASS SPLITTINGS




(Eq. (2)), the mass, M
i
, of the \ith"
























































in which the + sign is for octet, and   for decuplet






given in Table 1. The quantities 

i
, are obtained by













are tabulated in Table (2). These are
identical to that found in Ref. [12] whose notation and
normalizations we use. The sum over  runs over , K
and  mesons. The term proportional to 
i
arises from
the chiral loops in Fig. 1 in which the propagating baryon
is in the same multiplet as as the baryon i, while the
terms proportional to 
0
i
arises from the loops in Fig. 2
where the propagating baryon comes from the other mul-





) is the residual nite piece of
the counterterm in L
;N
2
used to renormalize the innity
in Eq. (21) proportional to 
3







































The counterterms from L
;N
2
that renormalize the inni-






































































































TrM ( + 
y
) (25)


























;   g which enter in the denition of 

i
in Eq. (22), are the residual nite pieces of these coun-
terterms. Note that the counterterms given in Eqs. (23)
















itly upon a choice of scale. This scale appears explicitly
in the function W (m; ;;

). We give below the ex-
pressions for the function for three cases of interest:






















































































































































When the SU(3) algebra factors are explicitly included

























In the present order of the chiral expansion the octet
meson mass squares are taken to be proportional to the

















We note from the Eqs. (27), (28) and (29) that the ln
2

term appears in these expression with factors which are
linear in m
2
. Combining this fact with Eq. (31) it is easy
























































Thus it is perfectly well-behaved.







































































We remind the reader that all counterterms have explic-
itly cancelled in these two relations and that relations are
independent of the scale 

.
Before discussing the numerical results following from
Eqs. (34) and (33) and their implications, we comment on
the accuracy of a perturbative evaluation of the combina-
tion V (), Eq. (30). The perturbative value is obtained
by expanding the combination in a power series of  and
retaining only the terms independent of  and linear in
. We compare the exact value to the perturbative value.
For  = 226MeV the exact value is  55MeV , while the
perturbative value is  46:5MeV . For  =  226MeV ,
the exact value is  34MeV , while the perturbative value
is  21MeV . The dierences are comparable to the ex-
perimental values of the mass combinations in the two
cases.
There are certain diculties in making numerical pre-
diction at the one loop level. As inputs we need the chiral
limit values of the parameters D, F , C and H. Consis-
tency requires that these values be extracted from exper-
imental data by using chiral perturbation theory results
calculated at the one loop level. As we have discussed
earlier, one loop calculations inevitably lead to requiring
new and undetermined terms of chiral power 2.
There are serious ambiguities of a dierent nature in-
volving the coecients C and H. The latter can be de-
termined only from the experimental value of the 
vertex, etc. Needless to say, no such data exists and
one must rely on model results. The quantity C can be
determined from the decay width of the decuplets. In
principle, we should use the value of C in the chiral limit.
Consistency requires that the decay width be calculated
in chiral perturbation theory at the one loop level and
compared with the experimental value to extract its chi-
ral limit.
We follow the strategy [15] extracting C using the full

















































The average value obtained is C
2
= 2:56.
One should note an isssue which arises from the use of
















For example, for the case of  ! N + , using  =
292MeV and   = 120:MeV , one obtains from Eq. (37)
that C
2
= 1:2, while from Eq. (35) that C
2
= 2:2. The
dierence between these two evaluations, nearly a factor
of two, arises from what are formerly 1=M
B
corrections
(Eq. (37) is indeed the M
B
!1 limit of (35)). They are
nevertheless not small and should be borne when going
to higher power.
We present in Table I values of the mass combinations
which appear in GMO and Decuplet Equal Spacing rules.
Several sets of parameters have been used for the purpose
of comparison.
Quantites Set 1 Set 2 Set 3 Set 4 Set 5
C
2
2:56 1:2 2:56 2:56 2:56
D 0:61 0:61 0:56 0:61 0:61
F 0:40 0:40 0:35 0:40 0:40
H
2
3:61 3:61 3:61 4:41 3:61
m

(MeV ) 140: 140: 140: 140: 0:
GMO(MeV ) 18 9:9 20 18 21
D:E:S:(MeV ) 12 22 12 19 14
TABLE I. The value  is 226MeV throughout. The ex-
perimental value of GMO is 6:5MeV and the average value
of the violation of D:E:S is 27MeV .
The parameters of set 1 are those used by Jenkins [12].
The sets 2, 3 and 4 are designed to show the dependence
of the results on the parameters C, D and F and H. The
set 5 shows the eect of nonzero pion mass. The eect
comes almost entirely from the change in the mass of 
as given by Eq. (31).
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IV. CONCLUSIONS
We have performed an illustrative state{of{the{art cal-
culation of the one{loop chiral corrections to baryon
masses in chiral perturbation theory. These relations de-
pends neither on the counterterms nor on the scale 

.
Still ambiguities remain concerning the values of the cou-
pling constants that can only be properly addressed by a
full analysis of all the one{loop as well as 1=M
B
correc-
tions, systematically determining all counterterms. We
urge the importance of such an analysis in order not only
to improve upon what at best may otherwise be called
order of magnitude predictions, but also so as to test key
physical ingredients, such as the 1=M
B
expansion and
whether the decuplet must be included as an explicit de-
gree of freedom. The appeal of chiral perturbation theory
is that these can all be rigorously addressed within the
context of the approach. It is a program we anticipate to
be the direction of future work.
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V. APPENDIX
It might be illuminating, especially for the issue of
1=M
B
corrections, to describe one method of evaluation
of the integral in Eq. (5) using dimensional regulariza-
tion. Using standard replacements for the nucleon prop-
































  i(v  k)

: (38)
Note that the integrand arising from the principle valued
part of the nucleon's propagator is odd under the trans-
formation k !  k and hence integrates to zero. Work-
ing in the nucleon's rest frame, the k
0
integral is used
to integrate over the delta{function. Dimensional regu-
larization is then used for the remaining integrals over




































































































The fact that the 1=M
B
corrections to this result (given
in Eq. (9)) are small might have been anticipated when
noting that the singularity at v  k = 0 in (38) is not
pinched.
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FIG. 1. The one{loop self{energy corrections to the baryon
in which the intermediate baryon is part of the same multi-
plet. Dots represent the goldstone mesons; a straight line, the
baryon octet; and a double bar, the baryon decuplet.
FIG. 2. The one{loop chiral corrections to the baryon in
which the intermediate baryon is not part of the same multi-
plet. Notation same as in Fig. (1).
FIG. 3. Contributions to the masses appearing at second




. Fig. (a) is the contribution from wavefunc-
tion renormalization, Fig. (b) represents a vertex correction;
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